, this is the main obstacle to obtain uniqueness of weak solutions for isentropic compressible flows.
Introduction and main results
We are concerned with the isentropic system of compressible Navier-Stokes equations which reads as (1.1)
where t ≥ 0, x ∈ Ω ⊂ R N (N = 2, 3), ρ = ρ(t, x) and U = U(t, x) are the density and fluid velocity respectively, and P = P(ρ) is the pressure given by a state equation The domain Ω is a bounded ball with a radius R, namely, (1.4) Ω = B R = {x ∈ R N ; |x| ≤ R < ∞}.
We study an initial boundary value problem for (1.1) with the initial condition and we are looking for the smooth spherically symmetric solution (ρ, U) of the problem (1.1), (1.5),(1.6) which enjoys the form (1.7) ρ(t, x) = ρ(t, |x|), U(t, x) = u(t, |x|) x |x| .
Then, for the initial data to be consistent with the form (1.7), we assume the initial data (ρ 0 , U 0 ) also takes the form (1.8) ρ 0 = ρ 0 (|x|), U 0 = u 0 (|x|) x |x| .
In this paper, we further assume the initial density is uniformly positive, that is, (1.9) ρ 0 = ρ 0 (|x|) ≥ ρ > 0, x ∈ Ω for a positive constant ρ. Then it is noted that as long as the classical solution of (1.1), (1.5) , (1.6) exists the density ρ is positive, that is, the vacuum never occurs. It is also noted that since the assumption (1.7) implies (1.10)
we necessarily have U(t, 0) = 0 (also U 0 (0) = 0). There are many results about the existence of local and global strong solutions in time of the isentropic system of compressible Navier-Stokes equations when the initial density is uniformly positive (refer to [1, 13, 15, 16, 23-25, 28, 29] and their generalization [20] [21] [22] 27 ] to the full system including the conservation law of energy). On the other hand, for the initial density allowing vacuum, the local well-posedness of strong solutions of the isentropic system was established by Kim [17] . For strong solutions with spatial symmetries, the authors in [18] proved the global existence of radially symmetric strong solutions of the isentropic system in an annular domain, even allowing vacuum initially. However, it still remains open whether there exist global strong solutions which are spherically symmetric in a ball. The main difficulties lie on the lack of estimates of the density and velocity near the center. In the case vacuum appears, it is worth noting that Xin [30] established a blow-up result which shows that if the initial density has a compact support, then any smooth solution to the Cauchy problem of the full system of compressible Navier-Stokes equations without heat conduction blows up in a finite time. The same blowup phenomenon occurs also for the isentropic system. Indeed, Zhang-Fang ( [31] ,Theorem 1.
is a spherically symmetric solution to the Cauchy problem with the compact supported initial density, then the upper limit of T must be finite. On the other hand, it's unclear whether the strong (classical) solutions lose their regularity in a finite time when the initial density is uniformly away from vacuum.
On the other hand, there are amount of literatures investigating the global existence of weak solutions to the compressible Navier-Stokes equations, such as "finite energy solutions" proposed and developed by Lions [19] , Hoff [7] and Feireisl [4] , etc. One remarkable result is due to Jiang-Zhang [14] , where they prove a global existence for three-dimensional compressible spherically symmetric flows with γ > 1. However, whether their weak solution is unique remains a long-standing open problem. Meanwhile, Desjardins [3] built a more regular weak solution for three-dimensional torus. Inspired by his work and a new observation in Lemma 2.2, we will give some positive answer to the spherically symmetric flow in this paper.
In the spherical coordinates, the original system (1.1) under the assumption (1.7) takes the form
u r r where κ = 2µ + λ. Now, we consider the following Lagrangian transformation:
Then, it follows from (1.10) that (1.13)
and the system (1.11) can be further reduced to (1.14)
according to the conservation of mass. Note that
We denote by E 0 the initial energy
and define a cuboid Q t,y , for t ≥ 0 and y ∈ [0, M 0 ], as
From now on, we denote for p ∈ [1, ∞) and a radially symmetric function f = f (|x|)
We first prove a local existence of weak solutions to the compressible Navier-Stokes equations in Theorem 1.1. The initial data are supposed to satisfy (1.8-1.9) and 
if and only if the following relations hold:
and
Furthermore, on any compact set in which (2.5) and 0 ≤ α − σ ≤ 1 hold, the constant C is bounded.
The following lemma is essential in proving Theorems 1.1 and 1.2. 
where
Proof. Set r = |x|, obviously,
Denote by (2.10)
It follows from (2.10) that
Consequently,
On the other hand, as r x i = x i r , we have (2.15)
It immediately implies
For p ∈ (1, ∞), r ∈ (0, ∞), one obtains 
(2.7) follows from (2.18) and (2.9).
This finishes the proof of Lemma.
We only prove the case when N = 3 since the case N = 2 is even simpler. Throughout of this section, we assume that (ρ, U) with the form (1.7) is the solution to the initial boundary value problem (1.1),(1.5),(1.6) in [0, T ] × Ω, and we denote by C generic positive constants only depending on the initial data and time T .
We give a sketch of proof of Theorem 1.1, since the main idea can be borrowed from Desjardins [3] . Denote (2.19)
.
Our main procedure is to derive the following estimate for t < 1,
for some positive increasing smooth funtion χ(x) and integrable function λ(s). The existence of T 0 < 1 follows immediately from (2.20).
Say denoting by ζ(t) the right hand side of (2.20), we conclude that
for some smooth function π. Thus, we have (2.22)
so that there exists T 0 such that for all T < T 0 < 1,
We first have the following basic energy estimate. Since the proof is standard, we omit it.
Lemma 2.3. It holds for any
or equivalently,
Denoted by (2.26) G = κdivU − P as effective flux. The momentum equations (1.1) 2 can be rewritten as (2.27) ρU = ∇G.
The main difficulty lies in the bound of the density. We will work it in spherical coordinate as system (1.14) as follows.
Lemma 2.4. There exists a smooth positive increasing function χ(x)
and an integrable function λ(t) such that (2.28)
where (2.29)
Remark 2.1. From the work of [3] , refer to (103), we can prove
Therefore, the left work is concentrated on Lemma 2.4.
Proof.
Step 1. In view of (1.14), it holds (2.31)
We first deal with Ψ 1 and Ψ 3 .
Step 2. It follows from Lemma 2.2 with N = 3, energy equality (2.25) and γ > 1 that
where we used the following fact. First recall that
Hence, (2.37)
Step 3. Similarly, recall Lemma 2.2 and G = κdivU − P = κF − P 1 6 Hence,
Also, we will use the following CKN inequality easily from Lemma 2.1
Indeed, in view of (2.1), take n = 1, γ = , r = 6,
. Now we are ready to give estimates for Ψ 3 . 
The estimates of ρ 1 2U L 2 then follows similarly as (103) in Desjardins [3] , one concludes that (2.43)
Step 4. We can rewrite (2.33) as
On the other hand, it follows from (2.44) that
Next, we are in a position to estimate P(t). First, observe that (2.49)
In view of (2.44) and (2.48), we have
Then, P(t) can be estimated as
Using (2.49) and taking γ-th power on both sides of (2.51), we have (2.52)
Therefore, by Gronwall's inequality, we deduce from (2.52) that (2.53) The two weak solutions enjoy the following regularity
This is equivalent to say 
Collecting (3.9-3.10) and choosing ǫ small enough, Gronwall's inequality immediately imply (3.13) Λ = Θ = 0.
